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The initial data of gravity for a cylindrical matter distribution confined on the brane is studied
in the framework of the single brane Randall-Sundrum scenario. We numerically found that the
sufficiently thin configuration of matter leads to the formation of the marginal surface on the brane
in the Randall-Sundrum model, even if the configuration is infinitely long. This means that the hoop
conjecture proposed by Thorne does not hold in the Randall-Sundrum scenario; Even if a mass M
does not get compacted into a region whose circumference (C) in every direction is C <∼ 4piGM ,
black holes with horizons can form on the brane-world of the Randall-Sundrum scenario.
Assuming 4-dimensional general relativity and physi-
cally reasonable conditions on the matter fields, Thorne
has proven that there is no marginal surface in the sys-
tem of a cylindrical distribution of matter fields [1]. In
his proof, the marginal surface means a cylindrically sym-
metric spacelike 2-surface such that the expansion of the
outgoing null normal to this surface vanishes. This re-
sult, together with the Newtonian analogy, has led to
the so called hoop conjecture for the necessary and suffi-
cient condition on black hole formation; Black holes with
horizons form when and only when a mass M gets com-
pacted into a region whose circumference in every direc-
tion is C <∼ 4πGM [1]. The converse of the hoop conjec-
ture gives a criterion of naked singularity formation; If a
mass M forms a singularity but does not get compacted
into a region whose circumference in every direction is
C <∼ 4πGM , then the singularity will be naked. Then the
hoop conjecture is closely related to the cosmic censor-
ship proposed by Penrose [2] which states, roughly speak-
ing, that the gravitational collapse in a physically reason-
able situation does not lead to naked singularities. If the
hoop conjecture is really true in our universe, and if a
singularity formed by physically reasonable gravitational
collapse is not confined within a region of C <∼ 4πGM , it
is a counter example for the cosmic censorship.
No counter example for the hoop conjecture has been
presented. Indeed, some numerical works have been done
to confirm the hoop conjecture. The numerical simula-
tions by Nakamura et al. strongly suggest that a highly
elongated axisymmetric cold fluid forms a spindle naked
singularity [3]. Later, Shapiro and Teukolsky also showed
that the same is true for collisionless particle systems [4].
These numerical works suggest that the hoop conjecture
will be true in 4-dimensional general relativity.
However, strictly speaking, we do not know whether
general relativity can describe strong gravity in our real
universe even for classical situations. We have no experi-
mental evidence for it. If general relativity is inapplicable
to the situation of the strong gravity, it again becomes a
non-trivial issue whether a highly elongated spindle grav-
itational collapse could form naked singularities or not.
As an alternative theory of gravity, Randall and Sun-
drum (RS) recently proposed a scenario of the compact-
ification of a higher dimension without compact mani-
fold [5]. They considered 5-dimensional spacetimes with
negative cosmological constant Λ < 0 including a single
3-brane with the positive tension λ. In their scenario,
all the physical fields, except for gravity, are assumed
to be confined on the RS brane and the gravity is gov-
erned by 5-dimensional Einstein gravity. Using the fine
tuning
√
−6/Λ = 1/λ =: l, they showed that even with-
out a gap in the Kaluza-Klein spectrum, 4-dimensional
Newtonian and general relativistic gravity on the brane
is reproduced to more than adequate precision [5,6]. The
deviation in the gravitational force from the Newtonian
one appears in the short scale less than l [5,7]. Since
experimental tests have already proved the 1/r2 correc-
tions to the Newtonian gravitational potential up to the
sub-millimeter order [8], the length scale of l must be less
than millimeter scale.
In the RS scenario, the cancellation of the long range
forces due to the negative cosmological constant and the
brane tension reproduces the 4-dimensional gravity on
the RS brane. However the sufficiently short range grav-
ity(about less than the scale l) seems to be so insensi-
tive to the cosmological constant that the 5-dimensional
nature of the gravity may appear and become impor-
tant for the formation of black holes on the RS brane.
In fact within the limits of linear analysis, it has been
proven that the gravity in RS model at short distance
is 5-dimensional (see e.g. [9]). If the results of the lin-
ear analysis can apply to the problem of the formation of
black holes on the RS brane, we may imagine the possibil-
ity of thin spindle-like black holes and even infinitely long
ones on the RS brane, considering the existence of black
string solutions in 5-dimensional Einstein gravity [10].
Then we are lead to the guess that the hoop conjecture
on the RS brane may not be valid in the scale less than
1
l.
Of course this discussion should be justified by the fully
non-linear analyses, since the formation of a black hole is
a fully non-linear phenomenon. Moreover in the case of
the cylindrical matter distribution on the RS mode, two
different types of singular sources (a singular 3-brane and
a singular matter distribution on it) interact with each
other in complex way. Then the general relativistic anal-
ysis without any weak field assumption is necessary to
confirm the validity of the hoop conjecture on the RS
brane.
In order to get an insight into the black hole forma-
tion and the hoop conjecture in the RS scenario, we con-
sider a cylindrically symmetric matter distribution on the
brane and formation of marginal surfaces. In this letter,
we concentrate a time-symmetric initial data which is
a 4-dimensional spacelike hypersurface embedded in the
whole spacetime with vanishing extrinsic curvature [11]
as a first step. The line element of the hypersurface we
adopt here is
dℓ2 = φ2(R, ξ)
[
dR2 +R2dϕ2 + dz2 + e2ξ/ldξ2
]
, (1)
where the coordinate ξ corresponds to the extra dimen-
sion.
The conformal factor φ which is determined by the
initial value constraints of 5-dimensional Einstein grav-
ity, i.e., the Hamiltonian constraint and momentum con-
straints. Since we concentrate on the time symmetric
initial data, the momentum constraints are satisfied triv-
ially. On the other hand, the Hamiltonian constraint is
given by{
∂2R +
1
R
∂R + e
−2ξ/l
(
∂2ξ −
1
l
∂ξ
)}
Ω
−
2
l2
Ω
(
Ω2 + 3e−ξ/lΩ+ 3e−2ξ/l
)
= 0, (2)
where we have introduced a new variable defined by
Ω := φ− e−ξ/l.
The existence of the brane and the matter fields is
taken into account by the boundary condition at ξ = 0.
By the Israel’s prescription [12], we can easily see that
the extrinsic curvature of the brane in the initial hyper-
surface has discontinuity which is related to the tension
of the brane and the stress-energy tensor of the matter
fields. Following the RS model, we impose Z2-symmetry
with respect to ξ = 0 [13]. Then the boundary condition
on the brane ξ = 0 is given by
∂ξ
(
e2ξ/lΩ
)
+
Ω2
l
+
4
3
πG5ρ(R)(Ω + 1)
2 = 0, (3)
where G5 = Gl is the 5-dimensional Newton’s gravita-
tional constant [14], ρ(R) is the energy density of the
matter fields. The 4-dimensional Minkowski spacetime
(Ω = 0) is realized on the brane when ρ(R) = 0.
Because of the ambiguity in the original statement by
Thorne, there are many proposals and attempts to prove
the hoop conjecture [15]. In this letter, we concentrate
on the situation in which the support of the energy den-
sity ρ(R) is in the infinite cylinder with the coordinate
radius Rs. Further, as a definition of the mass, we adopt
the total proper mass
M := 2π
∫ Rs
0
dRR
∫ L
−L
dzφ3(R, 0)ρ(R) (4)
within the cylinder of the coordinate radius Rs and a
finite coordinate length 2L. As the definition of the cir-
cumference, we adopt the proper length
C := 2
∫ L
−L
dzφ(Rs, 0) + 4
∫ Rs
0
dRφ(R, 0) (5)
of this cylinder.
We are interested in the formation of a marginal sur-
face in a situation of C > 4πGM , and can easily check
that the inequality C > 4πGM holds for arbitrary L if
and only if the following inequality is satisfied:
1 ≥
4π2G5
lφ(Rs, 0)
∫ Rs
0
dRRφ3(R, 0)ρ(R). (6)
It should be noted that this inequality gives an upper
bound on the line energy density of the cylindrical mat-
ter field.
If the existence of future null infinity similar to the
AdS or Minkowski spacetime and further the global hy-
perbolicity in the causal past of the future null infinity
are guaranteed, the formation of a marginal surface in
the initial data might mean the formation of a black hole
with horizon. Then we may regard that the initial data,
in which there is a marginal surface and the inequality
(6) holds, as a counter example of the hoop conjecture.
There are two kinds of the marginal surfaces on the
initial data: one is defined by the “null” rays confined
in the brane and the other is defined by the null rays
which propagate in the whole spacetime including the
bulk. We call these two marginal surfaces Brane-MS and
Bulk-MS, respectively. As commented in Ref. [11], these
two marginal surfaces have different physical meanings
from each other. Brane-MS is the marginal surface for
all the physical fields confined on the brane. On the
other hand, Bulk-MS is for all the physical fields includ-
ing gravitons which propagate in the whole 5-dimensional
spacetime. Brane-MS is not concerned with the causal
structure of the whole spacetime but Bulk-MS is.
Brane-MS for the cylindrical matter distribution is a
cylindrical 2-surface specified by R =constant on the
brane where the expansion of the null rays normal to the
surface vanishes. In this case, the null rays are defined by
the induced metric on the brane. On the time symmetric
initial hypersurface, the condition of vanishing expansion
2
of these null rays is equivalent to ∂R
(
Rφ2
)
|ξ=0 = 0. This
is the equation for the coordinate radius of the Brane-MS.
On the other hand, Bulk-MS for the cylindrical matter
distribution is a cylindrical spacelike 3-surface defined in
the whole of a 4-dimensional spacelike hypersurface, on
which the expansion of the outgoing null rays normal to
the 3-surface vanishes. In this case, the null rays defined
by the metric on the whole spacetime. On the time sym-
metric initial hypersurface, Bulk-MS is expressed by a
curve in (R, ξ)-plane, which intersects the axes R = 0
and ξ = 0. To find this curve, we introduce spherical
polar coordinate variables r :=
√
R2 + l2(eξ/l − 1)2 and
θ := tan−1{R/l(eξ/l − 1)}. Then a cylindrical spacelike
3-surface will be specified by the function r = r(θ). The
condition of the vanishing expansion leads to an ordinary
differential equation for r(θ) as
d2r
dθ2
= −
3
r2
(
dr
dθ
)3
∂θ lnφ+
(
dr
dθ
)2(
2
r
+ 3∂r lnφ
)
− 3
dr
dθ
∂θ lnφ+ r + 3r
2∂r lnφ
+ r
{
1 +
1
r2
(
dr
dθ
)2}(
1−
1
r
cot θ
dr
dθ
)
. (7)
The boundary conditions both at θ = 0 and at π/2 to this
equation are given by dr/dθ = 0. We search for solutions
of Eq.(7) numerically by the shooting method.
We solve Eq.(2) numerically by the finite difference
method. The numerically covered region is Rmax ≥ R ≥
0 and ξmax ≥ ξ ≥ 0. Then we need to specify the
boundary conditions at four kinds of numerical bound-
aries; R = 0, R = Rmax, ξ = 0 and ξ = ξmax. We impose
∂RΩ = 0 at R = 0 and Eq.(3) at ξ = 0. To fix the bound-
ary conditions at R = Rmax and at ξ = ξmax, we assume
that the system is isolated, i.e., the space approaches to
that of the AdS spacetime for r → ∞. Therefore, the
solution should behave as those to linearized Eq.(2) near
the numerical boundaries R = Rmax and ξ = ξmax.
The linear solution to Eq.(2) is obtained as follows:
Regarding |Ω| = O(G5lρ) ≪ 1, we derive the linearized
version of Eqs.(2) and (3) and solve this linearized equa-
tion with a singular line source ρ(R) = σLδ(R)/2πR,
where σL is the line energy density of the line source.
The linear solution Ω = ΩL is then given by
ΩL(R, ξ) := −
2G5σL
l
{
e−2ξ/l ln
(
R
Rc
)
−
l
3
∫
∞
0
dmum(l)um(le
ξ/l)K0(mR)
}
, (8)
where Rc is an integration constant which corresponds
to the freedom to rescale ξ, K0(x) is the modified Bessel
function of the 0th kind, and um(ψ) is a combination
of the spherical Bessel functions of the first and second
kinds;
um(ψ) =
√
2(ml)4
π((ml)2 + 1)
× mψ(n1(ml)j2(mψ)− j1(ml)n2(mψ)). (9)
Using the linear solution (8), we impose the following
boundary conditions at these numerical boundaries:
∂R
{
Ω(R, ξ)
ΩL(R, ξ)
}
= 0; at R = Rmax, (10)
∂ξ
{
Ω(R, ξ)
ΩL(R, ξ)
}
= 0, at ξ = ξmax. (11)
These boundary conditions guarantee that the numeri-
cal solution Ω behaves as the linear solution ΩL near the
numerical boundaries R = Rmax and ξ = ξmax.
To guarantee that our cylindrical matter distribution
is an isolated system, further, |Ω| should be much smaller
than unity in the vicinity of these numerical boundaries.
However the boundary conditions (10) and (11) impose
no constraint on the amplitude of Ω itself at these bound-
aries and hence these boundary conditions are not suffi-
cient. This is accomplished by choosing the line energy
density of the system considered here to be sufficiently
small. As will be shown below, this is naturally realized
in a situation in which the inequality (6), or equivalently,
C > 4πGM holds.
To derive the numerical solutions, we consider the fol-
lowing energy density ρ(R); for R < Rs
ρ(R)(Ω + 1)2|ξ=0 =
3σ
πR2
s
{(
R
Rs
)2
− 1
}2
, (12)
while ρ(R) = 0 elsewhere, where σ is a constant which
corresponds to the line energy density of this system.
We choose l = 1 (this is regarded as a choice of the unit)
and then set the numerical boundaries to be Rmax =
ξmax = 2. The number of numerical grids for Eq.(2) is
300×300, while that for Eq.(7) is 100. Further, we chose
G5σ = 3 × 10
−2n and Rs = G5σ/6 = 5 × 10
−3n, where
n = 1, 2, 3. This choice of σ guarantees |Ω| ≪ 1 at the
numerical boundaries R = Rmax and ξ = ξmax.
We have checked our numerical codes for the initial
data and for marginal surfaces by comparing the l = ∞
numerical solution of the energy density (12) with the
l =∞ analytic solution
Ω(R, ξ) =
2G5σ
3r
. (13)
The solution (13) is obtained by solving the Hamiltonian
constraint (2) with the boundary condition (3) with a
singular line source ρ(R)(Ω + 1)2 = σδ(R)/(2πR) under
the situation l →∞.
We found both Brane- and Bulk-MS in the cases of all
n (see Fig.1). We also confirmed numerically that the in-
equality (6) holds in the cases of n = 1 and n = 2, while
3
it does not in the case of n = 3. Then we can say that
the Bulk-MS can form even for so highly elongated matter
distribution that the inequality C > 4πGM is satisfied.
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FIG. 1. We set G5σ = 3 × 10
−2n and l = 1. Then
Bulk-MS of n = 1, 2, 3 and the location of Brane-MS of
n = 1, 2 are depicted. Brane-MS of n = 3 is located out-
side this figure (R ∼ 0.132). The matter is located within
0 ≤ R < G5σ/6 = 5 × 10
−3n at ξ = 0. From this figure,
we can see that n = 1 case almost agree with the l = ∞ an-
alytic solution; Bulk- and Brane-MS of l = ∞ are given by
r = G5σ/3 and R = 2G5σ/3, respectively.
In Fig.1 the Bulk-MS does not agree with the Brane-
MS at the brane in our example. The same result is
also obtained in Ref. [11]. To consider this behavior of
the Bulk- and Brane-MS, it is instructive to compare
with the analytic solution (13). In this solution, also, the
Bulk-MS (r = G5σ/3) does not agree with the Brane-MS
(R = 2G5σ/3) at the brane (ξ = 0). On the other hand,
in the case of the static black string solution Sch×R [10],
the intersection of Bulk-MS with the brane agrees with
the Brane-MS. This difference suggest the existence of
gravitational waves on the initial data considered here.
The existence of the cylindrically symmetric marginal
surface shows that the inequality C <∼ 4πGM is not a
necessary condition for the formation of black holes with
horizons in the RS scenario. This inequality will be just
the sufficient condition for the black hole formations in
the RS scenario. This suggests that massive spindle sin-
gularities in the RS brane is enclosed by event horizons if
the existence of future null infinity and the global hyper-
bolicity of its causal past are guaranteed, while those in
4-dimensional general relativity do not. We say that the
hoop conjecture, which seems to be natural in the orig-
inal 4-dimensional Einstein gravity, does no hold in the
RS brane world. We must note that this conclusion is not
the extrapolation from the linear analyses but the result
based on the general relativistic treatment without any
weak field assumption. Using this treatment, we have
obtained the qualitatively same result as the speculation
based on the linear analysis.
From physical viewpoint, the existence of naked sin-
gularities must be interpreted as the appearance of some
new fundamental physics. In this sense, for the gravita-
tional collapse of matter elongated sufficiently, the hoop
conjecture in the original 4-dimensional Einstein gravity
can be used to judge the appearance of the new funda-
mental physics. As discussed here, the formation of the
highly elongated marginal surfaces which violates the 4-
dimensional hoop conjecture means the “signal” of the
RS brane world. Probably, this “signal” may be not so
significant in the astrophysical phenomena like collapse
of the cylindrically distributed cosmic dust, because the
stringlike dust concentration with the thickness less than
l is necessary to form highly elongated marginal surfaces.
However we may expect that such phenomena happened
on the cosmic strings formation in some era of very early
universe (Davis treated early cosmic strings in the RS
scenario within the linear analysis [16]). If so, the sce-
nario of universe evolution may be modified by consider-
ing such phenomena, and in the future observational data
of the Universe, we will find the “signal” which shows the
possibility of the RS brane world.
In this paper we presented only one important result
on the hoop conjecture in the RS brane scenario. We
may expect other appropriate criteria for the black hole
formation in the RS scenario. For further understanding
and application of this result, more detailed investiga-
tions should be done. We should clarify the dependence
on G5σ/l of the formation of marginal surface to apply
the result for cosmology, for example. We also note that
our result does not mean necessarily that no naked singu-
larity forms in the RS scenario in its original sense. The
pancake-type gravitational collapse might lead to serious
naked singularities in the RS model, although it is not so
serious in the framework of 4-dimensional general rela-
tivity. The “signal” of the appearance of the new funda-
mental physics would be the pancake-type singularities
on the brane rather than the stringlike matter distribu-
tions discussed here. These issues are future problems
and will be discussed elsewhere.
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